MAXIMAL FUNCTION AND MULTIPLIER THEOREM FOR 
WEIGHTED SPACE ON THE UNIT SPHERE 



FENG DAI AND YUAN XU 

Abstract. For a family of weight functions invariant under a finite reflection 
group, the boundedness of a maximal function on the unit sphere is established 
and used to prove a multiplier theorem for the orthogonal expansions with 
respect to the weight function on the unit sphere. Similar results are also 
established for the weighted space on the unit ball and on the standard simplex. 



1. Introduction 

The purpose of this paper is to study the maximal function in the weighted 
spaces on the unit sphere and the related domains. Let S d = {x : \\x\\ = 1} be 
the unit sphere in ]R d+1 , where ||x|| denotes the usual Euclidean norm. Let (x, y) 
denote the usual Euclidean inner product. We consider the weighted space on S d 
with respect to the measure h^,du, where dio is the surface (Lebesgue) measure on 
S d and the weight function h K is defined by 

(1.1) K{x) = J] Ks,v>r, xeR d+1 , 

in which i?+ is a fixed positive root system of R +1 , normalized so that (v,v) = 2 
for all v G and k is a nonnegative multiplicity function v > n v defined on 
R + with the property that k u = k v whenever a u , the reflection with respect to 
the hyperplane perpendicular to u, is conjugate to a v in the reflection group G 
generated by the reflections {a v : v G R+}- The function h K is invariant under the 
reflection group G. The simplest example is given by the case G = Z d+1 for which 
h K is just the product weight function 
d+i 

(1.2) h K (x) = |x. i | K! , m > 0, x = (x%, ■ ■ ■ ,x d+1 ). 

i=l 

Denote by a K the normalization constant, a^ 1 — J sd h K {y)djj(y). We consider the 
weighted space L p {h? K \ S d ) of functions on S d with the finite norm 

II/IU.p := (a„ \f(y)\ p h 2 K (y)My)) ^ , 1 < P < oo, 

and for p = oo we assume that L°° is replaced by C(S d ), the space of continuous 
functions on S d with the usual uniform norm ||/||co- 
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The "weight function was first studied by Dunkl in the context of /i-harmonics, 
which arc orthogonal polynomials with respect to h 2 .. A homogeneous polynomial 
is called an /i-spherical harmonics if it is orthogonal to all polynomials of lower 
degree with respect to the inner product of L 2 (h 2 K \ S d ). The theory of /i-harmonics 
is in many ways parallel to that of ordinary harmonics (see [5]). In particular, many 
results on the spherical harmonics expansions have been extended to /i-harmonics 
expansions, see [31 [4j EJ [HI [12l [13] and the references therein. Much of the analysis 
of /i-harmonics depends on the intertwining operator V K that intertwines between 
Dunkl operators, which are a commuting family of first order differential-difference 
operators, and the usual partial derivatives. The operator V K is a uniquely deter- 
mined positive linear operator. To see the importance of this operator, let H d+1 (h 2 l ) 
denote the space of /i-harmonics of degree n; the reproducing kernel of H d+1 (h 2 l ) 
can be written in terms of V K as 



(1.3) 



-V K [C^{{x r ))](y), x,yeS d 



where is the n-th Gegenbauer polynomial, which is orthogonal with respect to 
the weight function w\(t) := (1 — £ 2 ) A -!/ 2 on 1] ; an( j 

d- 1 



(1.4) 



A K = Ik 



with 



T«= E ' 



Furthermore, using V K , a maximal function that is particularly suitable for studying 
the /i-harmonic expansion is defined in |13j by 



(1.5) 



M K f(x) 



sup 

o<e<7r 



J g - IfivW* [xB {x ,e)} (v)hUy)Mv) 

J S d V K [xb(x,9)] (y)h 2 K (y)duj(y) 
x, y) > cos<9}, B d+1 := {x : \\x\\ < 1} C 



where B(x,6) := {y € B d+1 : (x,y) > cos6»}, B d+1 := {x : \\x\\ < 1} C K d+1 , and 
Xe denotes the characteristic function of the set E. A weak type (1,1) inequality 
was established for A4 K f in [T3]. The result, however, is weaker than the usual 
weak type (1,1) inequality and it does not imply the strong (p,p) inequality. One 
of our main results in this paper is to establish a genuine weak type (1,1) result, for 
which we rely on the general result of [S] on semi-groups of operators. Furthermore, 
the Fefferman-Stein type result 
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1/2 



< C 



1/2 



also holds, which can be used to derive a multiplier theorem for /i-harmonic expan- 
sions, following the approach of pp. These results are presented in Section 2. 

In the case of Z^" 1 " 1 , the explicit formula of V K as an integral operator is known, 
which allows us to link the maximal function A4 K f with the weighted Hardy- 
Littlewood maximal function defined by 



(1.6) 



M k f(x) 



sup 

o<e<7r 



Lj xfi ) \HvWMMv) 

Ic{x,e) h Uv)Mv) 



where c(x,8) := {y e S : (x, y) > cosO} is the spherical cap. We will show 
that the maximal function M K f is bounded by a sum of the Hardy-Littlewood 
maximal function M K f. As a consequence, we establish a weighted weak (1, 1) 
result for A4kf(x), in which the weight is also of the form (|1.2p but with different 
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parameters. Furthermore, we show that the Fefferman-Stein type inequality holds 
in the weighted L p norm. These results are discussed in Section 3. 

The analysis on the sphere is closely related to the analysis on the unit ball B d 
and on the standard simplex T d . In fact, much of the results on the later two 
cases can be deduced from those on the sphere (see [5j [T2l US] and the references 
therein). In particular, maximal functions are also defined on B d and T d in terms 
of the generalized translation operators ([13]). We will extend our results on the 
sphere in Section 2 to these two domains, including a multiplier theorem for the 
orthogonal expansions in the weighted space on B d and T d , in Sections 4 and 5, 
respectively. 

Throughout this paper, the constant c denotes a generic constant, which depends 
only on the values of d, n and other fixed parameters and whose value may be 
different from line to line. Furthermore, we write A ~ B if A < cB and B < cA. 

2. Maximal function and multiplier theorem on S d 

2.1. Background. In this subsection we give a brief account of what will be needed 
later on in the paper. For more background and details, we refer to [51 [T2"l [T5] . 

h-harmonic expansion. Let n d+1 (h 2 K ) denote the space of spherical ^.-harmonics 
of degree n. It is known that dim Hi +1 (h 2 K ) = ( n+ ^ +1 ) - C^ 1 )- The usual Hilbert 
space theory shows that 

L 2 (h 2 ; S d ) = £ H d n + \hl) : / = f; proj* /, 

?i=0 n=0 

where proj£ : L 2 (h K ;S d ) i— > r H d ^ rl (h 2 K ) is the projection operator, which can be 
written as an integral operator 

(2-1) pro% f(x) = a K [ f(y)P r h l (x,y)h 2 K (y)My), 

Js d 

where P% is the reproducing kernel of 'H d l +1 (h^) , which satisfies the compact rep- 
resentation (|1.3p . 

Intertwining operator. For a general reflection group, the explicit formula of V K 
is not known. In the case of Z^ -1-1 , it is an integral operator given by 

„ d+l 

(2.2) V R f{x)=c R f(x 1 t 1 ,...,x d+1 t d+1 )T\(l + U){l-t 2 )^- 1 dt, 

where c K is the normalization constant determined by V K 1 = 1. If some «j = 0, 
then the formula holds under the limit relation 

Urn c A / f(t)(l - t^dt = [/(l) + /(-l)]/2. 

Convolution. For / G L 1 {h 2 K - 1 S d ) and g € L 1 ^; [-1, 1]), define ([HJ p.6, 
Definition 2.1]) 

(2.3) f* K g(x):=a K [ f(y)V K [g((^-))](y)h 2 K (y)My)- 

Js d 

This convolution satisfies the usual Young's inequality (see [12l p.6, Proposition 
2.2]): For / € L q (h 2 ; S d ) and g € I r K; [-1, 1]), \\f * K g\\k, P < ||/lk<?NU„,n 
where p,q,r > 1 and = r _1 + q^ 1 — 1. For k = 0, V K = id, this becomes the 
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classical convolution on the sphere ([2]). Notice that by (|1.3|) and (|2.ip . we can 
write proj^ / as a convolution. 

Cesaro (C,S) means. For i5 > 0, the (C,S) means, s*, of a sequence {c n } are 
defined by 



n — k 



k=0 



We denote the n-th (C, S) means of the h- harmonic expansion by S^(h^; /). These 
means can be written as 



S S M;f) = (/*« q s n {t) = (A^)^ 1 A s n _ k - -C k (t), 

fc=0 

where A = A K . The function (t) is the kernel of the (C, S) means of the Gegenbauer 
expansions at x = 1. 

Generalized translation operator Tg . This operator is defined implicitly by ([12, 
P-7]) 

/*7T 

(2.4) c x T e K f(x)g(cose)(sm6) 2X d9=(f* K g)(x), 

Jo 

where g is any L 1 (u'a) function and A = A K . The operator Tg is well-defined and 
becomes the classical spherical means 

TefW = . , / MMV), 



crrf(sin( 



(x,y) —cos 



when /c = 0, where ad — J S d-i du — 2ir d / 2 /T(d/2) is the surface area of S d 1 . 
Furthermore, satisfies similar properties as those satisfied by Tg, as shown in 
[12 Q3]. In particular, if /(a;) = 1, then T e K f{x) = 1. 



Spherical caps. Let <i(x, y) := arccos (x, y) denote the geodesic distance of x, y £ 
S d . For < 9 < 7T, the set 

c(x, 6>) := {yeS d : d(x, y) < 9} = {y E S d : (x, y) > cos 9} 

is called the spherical cap centered at x. Sometimes we need to consider the solid set 
under the spherical cap, which we denote by B(x,9) to distinguish it from c(x,9); 
that is, 

B(x, 9) := {y € B d+1 : (x, y) > cos<9}, 
where B d+1 = {y e M. d+1 : \\y\\ < 1}. 

Maximal function. For / g L 1 (/i^), define ([13]) 

, / o e T 1/|(x)(sin0) 2 ^^ 
M K f(x) := sup 



a<e<TT J Q (sin < 



\2\ K 



This maximal function can be used to study the /i-harmonic expansions, since we 
can often prove |(/*« g)(%)\ < cM. K f(x). Using (|2.4|) it is shown in [13] that an 
equivalent definition for M K ,f is (|1.5[) ; that is, 

(2.5) -M K /(x) = sup ^ \fWy* [xB(x,e)] (y)hl(y)Mv) _ 

o<e<7r J S d F K [x B (x,e)] (y)hl{y)duj(y) 
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We note that setting f(x) — 1 and g(t) = X[c OS e,i]{t) in P-4|) leads to 
(2.6) a K [ V K [ X B(x,8)](y)h 2 K (y)My) = cx K f (sin0) 2A ^ ~ 2A ~ +1 . 



2.2. Maximal Function. To state the weak type inequality, we define, for any 
measurable subset E of S d , the measure with respect to h 2 . as 

meas^E 1 ^ / h 2 K (y)duj{y). 
Je 

Our main result in this section is the boundeness of Ai K f: 
Theorem 2.1. Iff € L 1 ^ 2 . ; S d ), then M K f satisfies 

(2.7) measjx : M K f(x) > a} < c MJki ; y a > q. 

a 

Furthermore, if f € L p (h 2 K \ S d ) for 1 < p < oo, i/ien ||Mfe/|| K , p < c||/|| K)J) . 

The inequality (|2.7p is usually refereed to as weak type (1,1) inequality. In order 
to prove this theorem, we follow the approach of [5] on general diffusion semi-groups 
of operators on a measure space. For this we need the Poisson integral with respect 
to h 2 ., which can be written as [5J p. 190, Theorem 5.3.3] 

(2.8) P r K f(x)=f* K p?, where tf(s) = -1^— — , 

(1 — 2rs + r z ) Ak+L 

The kernel p^ is one of the generating function of the Gegenbauer polynomials of 
parameter A K . Hence, by (|1.3p . we can write P*f as 

oo 

P?f{x) = P r °j« /(*). < r < 1. 

n=0 

from which it follows easily that T* := P"/ with r = e~* defines a semi-group. 
Since V K is positive and p* is clearly nonnegative, P r K / > if / > 0. We see that 
the semi-group P^-tf is positive. We will need another semi-group, which is the 
discrete analog of the heat operator: 

(2.9) tff /:=/*«#, :=X>- n( " +2A " )t! Hr^( S ). 

n— 

In fact, the /i-harmonics in 7i^ +1 (ft, 2 ) are the eigenfunctions of an operator A/^o, 
which is the spherical part of a second order differential-difference operator analo- 
gous to the ordinary Laplacian, the eigenvalues are —n(n + 2A^). It follows imme- 
diately from (|2.9[) that {H^} t >a is a semi-group. The following result is the key for 
the proof of the theorem. 

Lemma 2.2. The Poisson and the heat semi- groups are connected by 

/>oo 

(2.10) p:-tf{x) = / M*)H:mds, 

Jo 

where 

2v 7r 
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Furthermore, assume that f(x)>0 for all x, then for all t > 0, 
(2.11) P?f(x):= sup P r K f(x) <csupi / H K J{x)du. 

0<r<\ s>0 S J 

Consequently, P*f is bounded on L p {h 2 K ; S d ) for 1 < p < oo and of weak type (1, 1). 

Proof. That {H^} t >o is a semi-group is obvious. Moreover, since V K is positive and 
q£ is known to be non- negative ([6]), it follows that Hpf is positive. The positivity 
shows that ||<? t K |U AK ,i = 1, so that \\H£f\\ K ^ p < ||/||«, p , 1 < p < oo, by applying 
Young's inequality on / * K q*. Thus, using the Hopf-Dunford-Schwartz ergodic 

theorem ( [9| p. 48]), we conclude that the maximal operator sup( - / H£f(x)du ) 

s>o \ s Jo ' 

is bounded on L v (h 2 ^;S d ) for 1 < p < oo and of week type (1, 1). Therefore, it is 
sufficient to prove ([2"TU|) and (|2~TTj) . 

First we prove (|2.10|) . Applying the well known identity ([HI p-46]) 

e- v = -p= / ^e- v ' iu du, v > 0, 

V7T JO V U 

with v — (n + X K )t and making a change of variable s = t 2 /4it, we conclude that 
e = e * — = / — 4 ^ e 4 " 

\/7T ,/n \At 



-n(™+2A„) Ss -3/2 e -(5^-A KV ^) 2 ds 



II 



2V? 



Multiplying by proj^ / and summing up over n proves the integral relation (|2.10p . 
For the proof of (|2.1ip , we use (|2.10p and integration by parts to obtain 

P?-*f(x) = ~£ (f HZf{x)dv\ 4>' t (s)ds 

<snp(- C H:f{x)du\ [°° s\4>' t {s)\ds, 
s>0 \s Jo J Jo 

where the derivative of 4>' t (s) is taken with respect to s. Also, we note that by (|2.8|) 
and (|2~3]) . 

sup P?f(x) < 4f\\!, K =c lim - [ HZ(\f\)(x)du. 



0<r<e- 1 ' s^ 00 s JO 

Therefore, to finish the proof of p. lip , it suffices to show that sup 0<t<1 f °° s\4>' t (s)\ds 
is bounded by a constant. 

A quick computation shows that 4>' t (s) > if s < at and <j>' t (s) < if s > at, 
where 

t 2 

a t := ~ t 2 , 0<t<l. 

3 + ^9 + iAp 5 " " 



MAXIMAL FUNCTION AND MULTIPLIER THEOREM ON SPHERE 



7 



Since the integral of 4>t(s) over [0, oo) is 1 and 4>t(s) > 0, integration by parts gives 

/•oo pat poo 

/ s\<fr' t (s)\ds = 2a t <j>t(a t ) - / 4>t(s)ds + / <j>t(s)ds 

, , . t l'-"«°i) 2 

< 2a t (j) t {a t ) + 1 = —=e +l<c 
as desired. □ 



We are now in a position to prove Theorem 12.1 



Proof of Theorem \2.1\ From the definition of it follows easily that if 1 — r ~ 6, 
then 



1 -r 2 



(.COS! 



((l-r)2+4rsin 2 f) A " +1 



> c — > c (l _ r )-(2A«+i). 

((! _ r )2 + ^2)^ + 1 - 

For j > define := 1 2 6* and set Bj := {y e B d+1 : 2 1 6* < d(x, y) < 2" J '0} . 
The lower bound of p% proved above shows that 

which implies immediately that 

oo oo 

XB(*,e)(v) <£xb 3 0/) < c^ +1 ^2-^ 2A " +1 )^«x,y)). 

3=0 3=0 

Since V K is a positive linear operator, applying V K to the above inequality gives 
\f(y)\V K [xB( x ,e)) (y)hl(y)dcj(y) 

oo - 

< C 02A K + 1^ 2 -,(2A K + 1) / | /(2/) | K (foj,))] (y)^ (|/)tL;(l/) 

OO 

= c ^-+i^2-^ aA »+ 1 )p«(|/|;a;) 
<c^ +1 sup 

0<r<l 

Dividing by 2Xk+1 and using (|2.6[) . we have proved that M K f(x) < cP£\f\(x). 
The desired result now follows from Lemma I2T2T □ 



S d-i 



A weighted maximal function, call it M K f, on M. d is defined in [TT| in terms of a 
translation that is defined via Dunkl transform, the analogue of Fourier transform 
for the weighted L 2 (h? K \ M. d ). The translation can be expressed in term of V K when 
acting on radial functions. The boundedness of the maximal function M K f was 
established in [TT]. Although the relation between the maximal function M K f and 
M. K f is not known at this moment, it should be pointed out that our proof of 
Theorem 12.11 follows the line of argument used in the proof of [TT] . 
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2.3. A multiplier theorem. As an application of the above result we state a 
multiplier theorem. Let Ag(t) = g(t + 1) - g(t) and A k = A fc_1 A. 

Theorem 2.3. Let {fij}°°= be a sequence of real numbers that satisfies 

(1) sup \fij\ < c < oo, 

3 

2 j + i 

(2) su P 2 j(fc - 1 ) < c < oo ; 

where k is the smallest integer > X K + 1. TTien {/%} defines an L p (h^; S d ), 1 < 
p < oo, multiplier; that is, 

oo 

^Mjproj^/ <c||/|| K , p , l<p<oo, 

where c is independent of [ij and f. 

When k = 0, the theorem becomes part of [I] Theorem 4.9] on the ordinary 
spherical harmonic expansions. The proof of this theorem follows that of the theo- 
rem in [T] . One of the main ingredient is the Littlewood-Paley function 

9 2 \ 1/2 
■ r) g~ r Prf dr , 



(2.12) 



1(f) = 




where P*f is the Poisson integral with respect to h\ defined in (|2.8|) . A general 
Littlewood-Paley theory was established in [9] for a family of diffusion semi-group 
of operators {T'}t>o on a measure space, in which the g function is defined as 



9i(f) 



rptf 



1/2 



dt 



Applying the general theory to T* Pff with r = e * and using the fact that the 
crucial point in the definition of <?(/) is when r close to 1, it follows that 

(2.13) c- 1 ||/|U )P <|| 5 (/)|| K)P <c||/|U )P , Kp<oo, 

for / e LP(Jn\\ S ), where the inequality in the left side holds under the additional 
assumption that J gd f{y)h? K _(y) dy = 0. Another ingredient of the proof is the Cesaro 
means. Recall that the (C, 5) means are denoted by Sf^h^.; /). What is needed is 
the following result: 

Theorem 2.4. For 5 > A K , 1 < p < oo and any sequence {n.j} of positive integers, 



(2.14) 



3=0 



1/2 



< C 



K . p 



El/i 

3=0 



1/2 



H . p 



Proof. The proof of (12. 14[) follows the approach of [£l p. 104-5] that uses a general- 
ization of the Riesz convexity theorem for sequences of functions. Let L p (£ q ) denote 
the space of all sequences {/&} of functions for which the norm 



\{fk)\\hp{ii) 




3=0 



p/q 



hl(x)dw(x) 
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are finite. If T is bounded as operator on L Po (£ qo ) and on L Pl (£ qi ) , then the Ricsz 
convexity theorem states that T is also bounded on L Pt [£ qt ) , where 

1 _ 1 -t t 1 _ 1-t t 

Pt 



< t < 1. 



Po pi qt qo qi 

We apply this theorem on the operator T that maps the sequence {fj} to the 
sequence {S^ (h 2 ; fj)}. It is shown in [H P-76 and 78] that sup„ \S 6 n {h 2 K ; f){x)\ < 
cM. K f(x) for all x <G S d if 5 > A K . Consequently, T is bounded on L p (£ p ). It is also 
bounded on L p (£°°) since 

sup\S s nj (hl;f 3 )\ 

Hence, the Riesz convexity theorem shows that T is bounded on L p {£ q ) if 1 < p < 
q < oo. In particular, T is bounded on L p (£ 2 ) if 1 < p < 2. The case 2 < p < oo 
follows by the standard duality argument, since the dual space of L p {£ 2 ) is L p (£ 2 ), 
where 1/p + 1 jp' = 1 , under the paring 



< c 


Mj sup|/j|) 


< c 


su P|/il 










j>0 





<(/i),(ffi)> := 



E 



f j (x)g j (x)h 2 K (x)duj(x) 



and T is self-adjoint under this paring as S^(/i^) is self-adjoint in L 2 {h 2 K ] S d ). □ 

Using the two ingredients, (|2.13p and (|2.14p . the proof of Theorem 12.31 follows 
from the corresponding proof in [1] almost verbatim. 

Remark 2.1. In the case of k = 0, the condition S > A K = (d — l)/2 is the critical 
index for the convergence of (C, 6) means in L p (h 2 K \ S ) for all 1 < p < oo. For /i^ 
given in (|1.2p and G = Z|, this remains true if at least one is zero. However, 
if Ki ^ for all i, then the critical index is A K — mxai<i<d+i K i ([Sj)- It remains 
to be seen if the condition k > X K + 1 in Theorem 12.31 can be improved to k > 
X K - mini<i< d+ i m + 1. 



The proof of Theorem 12.41 actually yields the following Fefferman-Stein type 
inequality (|7J) for the maximal function Ai K f . 

Corollary 2.5. Let 1 < p < 2 and fj be a sequence of functions. Then 



(2.15) 



^M,.f,y 

3 



1/2 



< C 



3 



1/2 



We do not know if the inequality (|2.15[) holds for 2 < p < oo under a general 
finite reflection group. However, it will be shown in the next section that (|2.15|) is 
true for all 1 < p < oo in the case of G 



Z d+1 . 



3. Maximal function for product weight 

The result on the maximal function in the previous section is established for 
every finite reflection group. In the case of G = Zi +1 , the weight function becomes 
(fHij) ; that is, 



d+l 



k{x) = n 



Ki > 0. 



i = l 
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We know the explicit formula of the intertwining operator V K , as shown in (12. 2|) . 
This additional information turns out to offer more insight into the maximal func- 
tion Aikf- The main result in this section relates M. K f to the weighted Hardy- 
Littlewood maximal function. 

Definition 3.1. For f 6 L 1 (/i^; S d ), the weighted Hardy-Littlewood maximal func- 
tion is defined by 

(3.1) M K f(x) := sup — — . 

o<0<* Jc(x,8) K(y)au{y) 

Since h K is a doubling weight ([3]), Af K / enjoys the classical properties of maximal 
functions. We will show that the maximal function M. K f is bounded by a sum of 
M K f, so that the properties of M.kf can be deduced from those of M K f. We shall 
need several lemmas. The first lemma is an observation made in [131 P- 72], which 
we state as a lemma to emphasize its importance in the development below. 

Lemma 3.2. For x £ S d let x :— (\xi\, . . . ,\xd\) ■ Then the support set of the 
function V K \_Xb{x,6)\ (y) is {y : d(x,y) < 9}; in other words, 

V K [xB(x,e)\ (y) =0 if (x, y) < cos 9. 

Proof. The explicit formula ()2.2[) of V K shows that if V K \_XB(x,e)\ (y) = if 

Xs^.e) (tiyi,hy2, • • • , t d+1 y d+1 ) = 

for every t £ [— 1, l] d+1 or if xiyit± + . . . + Xd+iyd+itd+i < cos 9, which clearly holds 
if (x, y) < cos 9. □ 

Our second lemma contains the essential estimate for an upper bound of M K f. 

Lemma 3.3. For < 6 < tt, x = (xx, • • • , Xd+i) G S d and y e S d , 

(3-2) \V K [xB(x.e)] (y)\ < c J] (l^-l+g) 2 ^ Xc< - S - 6 ^- 

Proof. The presence of Xc(x,0) {y) m the right hand side of the stated estimate comes 
from Lemma 13.21 Hence, we only need to derive the upper bound of V K [xb(x,8)] (y) 
for d(x,y) < 9, which we assume in the rest of the proof. If ir/2 < 9 < tt, then 
9/(\xj \ +9) > c and the inequality (|3.2[) is trivial. So we can assume < 9 < ir/2 
below. By the definition of V K , 

f d+1 

V K [xB{ x ,e)](y)=c K / J](i + t t )(i-^ 2 ) Kl " 1 ^ 

■lj:ti}t i x i y i >co S e fj[ 

where t also satisfies t S [—1, 1] +1 . We first enlarge the domain of integration to 
{t € [—1, l] d+1 : Yli=x \ti x iVi\ > cos9} and replace (1 + U) by 2, so that we can use 
the "Z,2 +1 symmetry of the resulted integrant to replace the integral to the one on 

[0,l] d+1 , 

„ d+1 

v K [ X B(x,6)](y)<c -t^-'dt 

J T.-H \Ux t y t \>cos9 
r d+1 

Jte[0,l] d +\j:m U\x z y z \>cose 
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To continue, we enlarge the domain of the integral to {t € [0, : tj\xjijj\ 

Si^j \ x iUi\ > cos 6*} for each fixed j to obtain 



d+l „ 

v K [xbm)] (y)<c]l (i - t^^dt,. 

j—1 ■'°< t i< 1 >*il :c if3l+Si ? sj \xiyi\>cose 



For each j we denote the last integral by Ij . First of all, there is the trivial estimate 
Ij < f (1 — tj) K3 ~ 1( ltj — kJ 1 . Secondly, for (ai,y) > cos 6*, we have the estimate 

Wl.. a-,,r->«,-^ t, - m ' r ' 



Together, we have established the estimate 



/j < re • 1 min { 1 



((x,y) — cos9) Kj 



\XjVj\ 

Recall that d(2,y) < 9. Assume first that \xj\ > 29. Then \xj\ > (\xj\ + 0)/2. The 
inequality ||xj| — \yj\\ < \\x — y\\ < d{x,y) < 9 implies that \yj\ > \xj \ — 9 > \xj\/2, 
so that \yj\ > (\xj \ + S)J A. Furthermore, write t := d(x,y) < 9 and recall that 
9 < 7r/2. We have then 

(x, y) - cos 9 = cos t - cos 9 = 2 sin sin ^ < (9 - t)9 < 9 2 . 

Putting these ingredients together, we arrive at an upper bound for Ij, 

L < c 



3 - Qxji + e)^' 

under the assumption that \xj \ > 29. This estimate also holds for \xj \ < 29, since 
in that case 9/(\xj \ + 9) > 1/3. Thus, the last inequality holds for all x and for all 
j, from which the stated inequality follows immediately. □ 

Our next lemma gives the order of the denominator in M K f , which was proved 
in [21 (5.3), p. 157] in the case when min Tj > 0. 

l<j<d+l 

Lemma 3.4. Let t = (ti,-- - , Td+x) € R d+1 with min Tj > — 1. Then for 

l<j<d+l 

< 9 < ir and x = (x%, ■ ■ ■ , Xd+i) € S d , 

d+l d+l 

Y[\yj\^dw(y)-0 d l[(\xj\+9P, 

c(x,6) J = 1 j=1 

where the constant of equivalence depends only on d and t. 

Proof. Without loss of generality we may assume that Xj > for all 1 < j < d + 1 

and x c i+i = max Xj, as well as < 9 < n /, , , . Since Xd+i = max Xj > , ] , , , 
i<i<rf+i 2Vrf+i i<j<rf+i ~~ v<i+i 

it follows that 

(3.3) y d+1 > x d+1 - 9 > —^==, yy=(y 1 ,---,y d+1 )ec(x,6). 

l\l d+l 

Using (|3.3|) and the fact that duj{y) = c<j(l — ||y|| 2 ) - ^ dy for y = {y,yd+\) and 
yd+i = yl — ||y|| 2 > 0, as well as the fact that \xj — yj\ < \\x — y\\ < d(x,y), we 
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conclude 

d+i , d 



/ FT \V]\ T3 Mv) ~ / IT M Tid yi d ^ • • • d vd 

Jc(x.6) J = l J d(x,y)<6 " 

d pxj+e d+1 

II / \Vj\ Tj d yj ~6 d l[(\x : 



where in the last step, if Tj < 0, consider the cases xj > 2#j and < 2#j separately. 
This gives the desired upper estimate. 

For the proof of the lower estimate, let z = (2+, . . . , Zd+i) G <S be defined by 
zj = Xj + e0 for j = 1, 2, • • • , d and z d+ i = (1 — — • • • — z%) 2 , where e > is a 
sufficiently small constant depending only on d. Using (|3.3[) . a quick computation 
shows that 

||a; - z\\ 2 = d(e9) 2 + ~ x '+i' 2 < d{£d f + {d+ 1)d{2£ 8 + £ 2 9 2 ) 2 , 

{zd+i + x d+1 y 

from which and the fact that 2 sin d ^ z ^ = \\x — z\\, it follows that we can choose 
e small enough so that z E c(x, §). Consequently, c(z, 4^) C c(x,6) and, for any 

y = (2/1 ) • • • ,2/d+i) e c(z, 4f ), 

e6> e6> e(9 3e9 



-r 2 2 j L ) 2 2 

which implies immediately that 

d+1 d+1 „ 

n i%r 3 ' ~ II(N+0) T3 '' ^e^y). 

3=1 i=i 
and, as a consequence, 

. d+1 „ d+1 d+1 

/ nbiPdwCv)^ / l[\y j pMy)>ce d l[(\x j \ + ep, 

Jc(x.9) j=1 Jc(z,Sf) j=1 j=1 

proving the desired lower estimate. □ 
In particular, Lemma 13.41 shows that h R is a doubling weight in the sense that 

meas K c(x, 29) < cmeas K c(x, 9), Wx E S d , 9 > 0. 
We are now ready to prove our first main result. For x E and s E Z d+I 



< Vj < zj + — = xj + — , j = 1, 2, • • • , d + 1, 



2 ' 



we write xe := (xi£i, . . . , x d +ie d +i)- 

Theorem 3.5. Let f E L 1 ^; S d ). Then for every x E S d , 
(3.4) M K f(x)<c M K f{xs). 

Proof. Since 

d(z,y)<#} = (J {y e 5 d : d( TC ,y)<0}, 
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it follows from Lemmas I3J2] that 



Jef(x) := / \f(y)\V K [ X B( x ,e)] (y)h 2 K (y)My) 
Js d 

\f(y)\v K [xb(m)] (y)h 2 MMy) 

(x.y) >cos 9 

< E / \f(y)\v K [xB( x ,e)](y)h 2 R (y)My)- 

eeZ d+i J (xe,y)>cos6 

Consequently, using Lemmas 13.31 and 13. A\ we conclude that 

Jef{x) <c J2 U (lx .rL Kj [ \f(y)\hl(y)My) 

-■_ i U x .7l" t_(7 J J(xe.v)>cosd 



< cd 2\K\+d J2 M K f(xe). 



Dividing the above inequality by Q 2 \ K \+ d = #2A re +i anc ^ reca n (|2.6[) , taking the 
supremum over lead to (|3.4p . □ 



There are several applications of Theorem 13.51 First we need several notations. 
For x = - ,x d+ i), y = (yi,--- S we write x < y if x 3 < y 3 for 

all 1 < j < d+ 1. We denote by 1 the vector 1 := (1, 1, • • • , 1) e R d+1 . Moreover, 
we extend the definitions of h T , meas T , || • \\ T , P , L p (h 2 ; S d ) and M T to the full range 
of r = (n, • ■ ■ ,r d+ i) > -|. Thus, 

h r (x) = f[\x J \^, \\f\\ T , p =(j s Jf(x)\VhUx)Mx)y 

and M r denotes the Hardy-Littlewood maximal function with respect to the mea- 
sure h^(x) dui(x), as defined in (|3.ip . 

As an application of Theorem 13. 5i we can prove the boundedness of M. K f on the 
spaces L p (h 2 ; S d ) for a wider range of r without using the Hopf-Dunford-Schwartz 
ergodic theorem. 

Theorem 3.6. // -| < r < k and / e L x {h\\ S d ), then M K f satisfies 

(3.5) meas T {x : M K f(x) > a} < cW^-, Va > 0. 

a 

Furthermore, if 1 < p < oo, —4 < t < pn + ^-1 and / G L p (h 2 ; S d ), then 
(3-6) ll-Mfc/llr* < c||/|| T , p . 

Proof. We start with the proof of (|3.5p . Note that if r = (ri, • • ■ , Td+i) < k, then 

/ \f(y)\hl(y)My)<4 fldxA+Of^A I \f(y)\hUy)My), 

which, together with Lemma l3.4[ implies 

M K f(x) < cM T f{x), xeS d , T <K. 
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Hence, using the inequality (|3.4[) . we obtain that , for — jt < r < k, 

me&s T {x : Mkf(x) > a} < meas T {x : M K f(xe) > ca/2 d+1 } 



< meas T {x : M T f(xs) > c' a} 

eeI d+l J {y- M T f(ye)>c'a} 



= 2 d+1 / h 2 T (y)Mv) 

J{x:M T f(x)>c' a} 



where we have used the Zg +1 - invariance of h T in the fourth step, and the fact that 
M T is of weak type (1,1) with respect to the doubling measure h^(y) dcu(y) in the 
last step. This proves (|3.5[) . 

For the proof of (|3.6p , we choose a number q S (l,f>) such that r < qn + 
and claim that it is sufficient to prove 

(3.7) M K f(x)<c(M T (\f\«)(x))\ 

Indeed, using (13. 7|) . the inequality (|3.6[) will follow from (|3.4p , the invariance 
of h T and the boundedness of the maximal function M T on the space (h%.\ S d ). 

To prove (13. 7p . we use Holder's inequality with q' = and Lemma [3.41 to 
obtain 

\f(y)\h 2 K (y)My) 



c(x,e) 



< [ / \f(y)\"hUy)My)) / «/ (v)<Mv) 

/ \Jc(x,9) qK i T , 
d+1 



j^ g U(yWhUy)My)J \Jl(\x< 



where we have also used the fact that the assumption r < qn + 1 is equivalent 
to q'n — —t > — A. This proves (|3.7[) and completes the proof. □ 



For our next application of Theorem 13.51 we will need the following result. 

Lemma 3.7. Let 1 < p < oo and let W be a nonnegative, local integrable function 
on S . Then 

(3.8) / \M K f(x)\ p W(x)h 2 K (x)Mx) <c P I \f{x)\*M K W{x)h 2 K {x)du>{x). 
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Such a result was first proved in [7] for maximal function on M. d . The proof can 
be adopted easily to yield Lemma [3771 Indeed, the fact that h 2 . is a doubling weight 
shows that the Hardy-Littlewood maximal function defined by (|3.1[) satisfies 

M f( , J E \f(y)\hl(y)My) 
M K f(x) ~ sup fc — , 

xefiec J E hi{y)du{y) 

where C is the collection of all spherical caps in S d , which implies that 
\f(y)\h 2 K {y)dy < c (meas K c(x, 6)) inf M K f{z) 

c(x,G) z£c{x,6) 

for any spherical cap c(x, 0). As a consequence, we can prove the key inequality 

meas K (i?) < - f \f(y)\M K W(y)h 2 K (y)dcu(y) 
a Js* 

for any compact set E in {x £ S d : Mkf(x) > a}, as in the proof for the maximal 
function on R d in [10l p. 54-55]. In fact, (|3.8p holds with h 2 K (y)du> replaced by any 
doubling measure d\i on the sphere. 

An important tool in harmonic analysis is the Fefferman-Stein type inequality 
([?]), which we established in Corollary [23] for M. K f in the case of 1 < p < 2 and a 
general reflection group. In the current setting of G = Z 2 +1 , we can use Theorem 



13.51 to prove a weighted version of this inequality for 1 < p < oo. 

Theorem 3.8. Let 1 < p < oo, — ^ < r < pn+^^-1, and let {fj}^Li be a sequence 
of functions. Then 

(3.9) ! > (Ai,,/,r ! 



3=1 



Ei/ii 



1/2 



Proof. Using Theorem 13.51 and the Minkowski inequality, we obtain 



^ E 



1/2 



< C 



E E M K fj(xs) 



(E (M*/.,^)) 



1/2 



2 \ 1/2 



< C 



7 .// 



(E( M «^) 2 



r.p 

1/2 



Thus, it is sufficient to prove 



(3.10) 



E( M ^)' 



1/2 



< c 



T./J 



El/, 



1/2 



We start with the case 1 < p < 2. Let q be chosen such that 1 < q < p and 



t < qn 



(g-i)i 



. We use the inequality (|3.7p to obtain 



E ( m «/j) 2 



1/2 



< C 



< C 



E wi/.n) 
Ei^i 9 



Ei^i 



T.p 
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where we have used the classical Fcffcrman- Stein inequality for the maximal func- 
tion M T and the space I' in the second step. This proves (|3. 10[) for 1 < p < 2. 
Next, we consider the case 2 < p < oo. Noticing that 



1 

-- < T <pK 



(p-i)i 12 a n „ i 

— — ^=> < -t + 1< 2k + -, 

2 2 p \p 2J 2 



we may choose a vector u S R d+1 such that 



(3.11) 



H 

1 2 (\ l\ 1 

- - < -r+ - - - 1<m< 2k+-, 

2 P VP 2 / 2 



and a number 1 < q < 2 such that fj, < qn+ ^— 1. Let <? be a nonnegative function 
on S d satisfying ||ff|| T , p = 1 and 



E \ M «fr 



£|M^(z)| a Vs)/£(x)<M*)- 



Then by the assumption /x < qn+ ^1, (|37]) . ((3~8| with p = 2/g > 1 and Holder's 
inequality, we obtain 

d (^W^ix^gWhlWM*)^^ j sd (M^\.f 3 \%x)y 9 {x)hl{x)duj{x) 

j sd (Ei^WI 2 ) m m(^^)W^w^(^) 



< c 



< c 



Using the boundedness of M K f and (|3 . llj) . we have 
M^gh 2 T _Jhl_ T = M^gh 2 ^) 



P-2L 1 p-2 T 'p-2 



< c 



9K-L 



p-2 ' ' p-2 



cllsfllr,-*. = c ' 



Putting these two inequalities together, we have proved the inequality (|3.10[) for 

the case 2 < p < 00. □ 

Remark 3.1. It is shown in 13J that, for 5 > A K , the Cesaro (C,S) means satisfy 
\S^(hf.; f)\ < cM. K f(x). Hence, we can get a weighted inequality for the Cesaro 
means by replacing M. K fj in (|3.9[) by S^.(h^,; fj). This gives a || • || TiP weighted 
version of Theorem 12.41 that holds under the condition — i < t < pn 



p-i- 



4. Maximal function and multiplier theorem on B d 

Analysis in weighted spaces on the unit ball B d = {xgR d : ||x|| < 1} in 
R d can often be deduced from the corresponding results on S d ; see [12l [13] and 
the reference therein. Below we develop results analogous to those in the previous 
sections. 
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4.1. Weight function invariant under a reflection group. Let k = («', fcd+i) 
with k! — (ki, • • • , Kd) and assume > for 1 < i < d + 1. Let /i K / be the weight 
function but defined on R d , that is invariant under a reflection group G. We 

consider the weight functions on B d defined by 

(4.1) W* (x) :=h 2 K ,(x)(l- llzf)*^ 1 - 1 / 2 , iGB 11 , 

which is invariant under the reflection group G. Under the mapping 



(4.2) ^:xeB d ^{x, |M| 2 ) e 5^ := {y e S d : y d+1 > 0} 

and multiplying the Jacobian of this change of variables, the weig ht function 
comes exactly from h 2 defined by 

h K (xi, . . . ,Xd+i) := h%(xi, . . . ,Xd)\xd+i\ 2Kd+1 ■ 

The weight function h K is invariant under the reflection group G x Z2. All of the 
results established in Section 2 holds for h K . 

We denote the L P (W^; B d ) norm by ||/||w B ,p- The norm of g on B d and its 
extension on S d are related by the identity 

(4.3) / g(y)du;= [ \g(x, y/l ) + g(x, -^/T~ 



S'l 



The orthogonal structure is preserved under the mapping (|4.2[) and the study of 
orthogonal expansions for can be essentially reduced to that of h 2 K . In fact, let 
V d (W^) denote the space of orthogonal polynomials of degree n with respect to Wj? 
on B d . The orthogonal projection, proj n (W,f ; /), of / e L 2 (IU,f ; 5 d ) onto V*(W,f ) 
can be expressed in terms of the orthogonal projection of F(x, Xd+i) '■= f(x) onto 

(4.4) proj„(W/f ; /, x) = proj* X := (x, y/l - |Rp). 

Furthermore, a maximal function was defined in [131 p. 81] in terms of the general- 
ized translation operator of the orthogonal expansion. More precisely, let 



e(x,9) := {(y,y d+ x) S B d+1 : (x,y) + y/l - \\x\\ 2 y d+1 > cos (9, y d+1 > 0}. 
Then this maximal function, denoted by A4j^ f(x), was shown to satisfy the relation 

M B f( s_ S B *\f(y)\V*[Xe {x .e)] (Y)WZ(y)dy 

MnnX) S J B *V»[xeW)](Y)W»(y)dy ' 

where Y = (y, y/l - \\y\\ 2 ), and for g : W l+1 ^ R, 

Kf^^d+i) := ^ [^(s^d+i) + V K g(x, -x d+ i)] , 

in which V K is the intertwining operator associate with h K . This maximal function 
can be written in terms of the maximal function M K f in (|2.5[) . In fact, we have 
A4^f(x) = M K F(X). Our main result in this section states that M^f is of weak 
(1,1). Let us define 



measf E := [ W®{x)dx, E C B° 

J E 
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Theorem 4.1. Iff e L 1 (W*;B d ) then M B satisfies 

measf {x G B d : M^f{x) > a} < jL^liL , Va > 0. 



a 

Furthermore, if f £ LP(W^;B d ) forl<p<oo, then \\M B f\\ W B iP < c\\f\\ W B >p . 
Proof. Since M B f(x) = M K F(X), it follows from g3J that 

measf {.t G B d : M B f{x) > a} = / X{A<f/(*)>a} {x)W%{x)dx 

JB d 

X{M K F(y)> a }{y)hl{y)duj(y). 

Enlarging the domain of the last integral to the entire S d shows that 

measf {x e B d : M B f(x) > a} < meas K {y G S d : M K F{y) > a] . 
Consequently, by Theorem 12. 1[ we obtain 



measf {x G B d : M B f(x) > a} < c 



a 

IB 



from which the weak (1,1) inequality follows from ||.F|| K ,i = ||/||w B l- Since M B f 
is evidently of strong type (oo,oo), this completes the proof. □ 



The connection (|4.4|) and (14.3[) allow us to deduce a multiplier theorem for or- 
thogonal expansion with respect to W B from Theorem 12.31 



Theorem 4.2. Let {/ij }°^Q he a sequence of real numbers that satisfies 

(1) sup \nj | < c < oo, 

3 

2 3+l 

(2) sup2 J ( fe - 1) l A *^l < c < oo ; 

where k is the smallest integer > A re + 1, and A K = + K j- Then {fij} 

defines an L p (W B ;B d ), 1 < p < oo, multiplier; that is, 

oo 

X^'Proj"/ <c\\f\\wB, P > l<p<oo, 

3=0 VFf ,p 

where c is independent of {fJ-j} and f. 

4.2. Weight function invariant under Zf. In the case of G — Zf, the weight 
function becomes 

d 

(4.5) W B (x) := [J Ni| 2K< (l - IkH 2 )^ 1 - 1 / 2 , xGS d , 

i=i 

which corresponds to the product weig ht function /^(x) = \x t \ 2K * ■ Taking 

into the consideration of the boundary, an appropriate distance on B d is defined by 

dB(x,y) = arccos((x,y) + y/l - \\x\\ - ||?/|! 2 ), x,y G S d , 
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which is just the projection of the geodesic distance of 5+ on B d . Thus, one can 
define the weighted Hardy-Littlewood maximal function as 

M°f{x) := sup B( , x E B d . 

o<e<* Jd B (x,y)<e W K (y) d V 



We have the following analogue of Theorem [ 
Theorem 4.3. Let f € L X (W B ; B d ). Then for any xE B d , 
(4.6) M B f(x) < c M»f{xe). 



I 

Jdr 



The proof of Theorem 14.31 replies on the following lemma, which implies, in 
particular, that W B (y) is a doubling weight on B d . 

Lemma 4.4. If r = (n,--- , t<2+i) > — |l, then for any x — [x\,--- ,Xd) € S d 
andO <9 <n, 

d+l 

W T B (y)dy^e d l[(\x ] \ + 9)^ 7 
ld B (y,x)<9 j =1 

where Xd+i = \/l — \\x\\ 2 and W B (y) is defined as in (14. 5[) . 

Proof. Recall that X = (a;, a; d+ i), and c(X, (9) = {z e 5 d : d(X, z) < 9}. Set 

c+(X, 0) = {( yi , • • • , G c(X, 0) : y d+1 > 0} . 

From P~5|) it follows that 

(4.7) / W B (y)dy = [ h 2 T {z) dw{z\ 

Jd B {y,x)<9 Jc + (X,8) 

which, together with Lemma l3.4| implies the desired upper estimate 

/ W B (y)dy< hl{z)du J {z)<c9 d X{{\x 3 \+9)^. 

Jd B (y,x)<6 Jc(X,e) j=1 

To prove the lower estimate, we choose a point z = (zi, • ■ ■ , z<j+i) G c(X, |) 
with Zrf+i > e^, where e > is a sufficiently small constant depending only on d. 
Clearly, c(z, f ) C c+(X,0). Hence, by flTT) . we obtain 



W?(y)dj/> / K{y)Mv) 

d B (y,x)<6 Jc(z,sS.) 

d+l d+l 

~d d H(\z j \+e)^~e< 1 n(\ Xj \ +6)^, 

3=1 3=1 

where we have used Lemma [3^41 in the second step, and the fact that z E c(X, 9) in 
the last step. This gives the desired lower estimate. □ 

Now we are in a position to prove Theorem 



Proof of Theorem \4-3\ It is shown in [T31 p.81] that 

V K [Xe {x ,o)]{Y)W B {y)dy~e 2X «+ l , 



B d 
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where X K = + Ylj=i K j ■ The proof follows almost exactly as in the proof of 
Theorem 13.51 the main effort lies in the proof of the following inequality: 

d +! /)2k. 



(4.8) 



V^[Xe(x,e)]{Y) < C JJ p-| +e y K . X{yeB*: d B {x, y)<0}(y)' 



where Xd+i — y^— \\x\\ 2 and z = i\z\\, ■ ■ ■ , \zd\) for z — (zi, • • • , z d ) <= How- 
ever, using (|2.2[) and the fact that y<j+i = — |yj| 2 , we have 

K^Ixe^.e)]^) = ^(KIxe^K^yd+i) + v K [x e (x,e)](y,-yd+i)) 

= cJ + t,)(i - ti^r^- 1 dt, 

where 

d+1 

D = {(ti,-~ ,t d ,t d+1 ) e [-1,1]* x [0,1] : j^tjXjyj^caaOy 

3 = 1 

This last integral can be estimated exactly as in the proof of Lemma 13.31 which 
yields the desired inequality (|4.8p . □ 

As a consequence of Theorem 14. 3[ we have the following analogues of Theorems 
EH and [37 



Corollary 4.5. If -I < r < k and f e L 1 (Wf 3 ;B d ), then M K f satisfies 



measf {x : M^f(x) > a} < 



11/11 W B I 



Va > 0. 



Furthermore, if 1 < p < oo, -| < t < p« + ^1 and / G L p (W^]B d ), then 

\\^kf\\ W B iP < cII/Hhtbj,. 

Corollary 4.6. Let 1 < p < oo, -| < r < pK + and let &e a 

sequence of functions. Then 



1/2 



< C 



5>i 



1/2 



Using the formula M^f(x) = M. K F(X) and the method of [13], one can also 
deduce Corollaries 14.51 and 14.61 directly from Theorems 13.61 and [ 



5. Maximal function and multiplier theorem on T d 

Just like the connection between the structure of function spaces on S d and B d , 
analysis in weighted spaces on the simplex 

T d = {(xi,- • • ,x d ) € R d : xi>0,...,x d >0 and x\ H Yx d <l\ 

can often be deduced from the corresponding results on B d ; see [5J Q21 [T3] and the 
reference therein. 
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5.1. Weight function associated with a reflection group. Let k' — (k±, • • • , Kd) 
and h K i be the weight function (|1.1|> on M. d invariant under the reflection group G. 
We further require that h K > is even in all of its variables; in other words, we require 
that h K i is invariant under the semi-direct product of G and Let K d +i > and 
K — (k' , Kd+i)- The weight functions on T d we consider are 

(5.1) w%(x) :=Mv^r>--->V^)(i-Mr ,+1 ~ 1/2 > 

where \x\ = x\ + . . . + x d . These weight functions are related to in (14. lj) . In 
fact, is exactly the weight function under the mapping 

(5.2) V : (xi, ■ • ■ , x d ) G T d ~ (4, . . . , x\) G B d 

and upon multiplying the Jacobian of this change of variables. We denote the norm 
of L P (W^; T d ) by || • || w T ,p- The norm of g on T d and g o ip on B d are related by 

(5.3) / g(xl,...,x 2 d )dx=[ g{x u x d )- 



I J \ — X ' i " (1/ I v ^ > < 

/ B d JT d \ x l ' ' ' x d 

The orthogonal structure is preserved under the mapping (|5.2j) . Let V„(Wj^) de- 
note the space of orthogonal polynomials of degree n with respect to on T d . 
Then R G V^(Wj) if and only if R o ijj e V$JW%). The orthogonal projection, 
proj n (VFj; /), of / G L 2 (W^;T d ) onto V^(Wj) can be expressed in terms of the 
orthogonal projection of / o ijj onto V2n(W^): 

(5.4) (projjWf ; /) o V>) (x) = ^ ]T proj 2 „(^; / o ^,xe). 

eel ' 



The fact that proj n (W / J) of degree n is related to proj 2 „(VT^) of degree 2n suggests 
that some properties of the orthogonal expansions on B d cannot be transformed 
directly to those on T d . 

A maximal function M\f is defined in [13l p. 86, Definition 4.5] in terms of the 
generalized translation operator of the orthogonal expansion. It is closely related 
to the maximal function M.%f on B d . It was shown in [131 Proposition 4.6] that 

(5.5) (*l«/W = *l*(/°tf). 

We show that this maximal function is of weak (1,1). Let us define 

meas£.E := / W^(x)dx, EcT d . 
Je 

Theorem 5.1. Iff G L x (Wj; T d ). Then Ml satisfies 

II f I 

meas^ {x G T d : M T K f(x) > a} < c — j4 , Va > 0. 
Furthermore, if f £ LP{W^;T d ) for\<p<oo, then \\Mlf\\ W T^ p < c\\f\\ W T^ p . 
Proof. Using the relation (|5.5p and (|5 . 3[) . we obtain 

X{xeT d :Mlf{x)>a}( x W^{x)dx = / X{xeB d :Ml(fo^)(x)> a } ( X W^ (x)dx. 
T d J B d 

Hence, by Theorem 14. 11 we conclude that 

Bf nrf kaBiv ,\ f w 1 ^ ll/° V'llvKf ,1 ll/||wj,l 

meastr G -B : M"(f a ip)(x) > a } < c — = c — , 

a a 

where the last step follows again from (|5.3|) . □ 
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The relation (15. 4ft shows that we cannot expect to deduce all results on orthog- 
onal expansion with respect to W£ on T d from those on Bd- This applies to the 
multiplier theorem. On the other hand, as it is shown in [131 p. 85], we can intro- 
duce a convolution *^ structure and write proj^(W^f ; /) = / *J P n . Moreover, we 
often have the inequality \f *1 g(x)\ < oM T (x), For example, for the Cesaro (C, S) 
means 5*(Wj; /), we have 

d+i , 

S up\S s n (WZ;f,x)\<cMT(x), if 5 > A* = + — 

j=i 



Using this result, we can prove an analogue of Theroem l2.4l almost verbatim. Fur- 
thermore, the Poisson operator, Pjf, of the orthogonal expansion with respect to 
W£ on T d is still a semi-group when we define T l f — Pj f with r = e~* ( see, for 
example, (T3J p. 90]). So, the Littlewood-Paley function g(f), defined as in (|2.12|) . 
is bounded in L P (W^ ;T d ) for 1 < p < oo. Hence, all the essential ingredients of 
the proof of the multiplier theorem in [T] hold for the orthogonal expansion with 
respect to . As a consequence, we have the following multiplier theorem. 

Theorem 5.2. Let {/ijl^Lo ^ e a sequence that satisfies 

(1) sup \fij\ < c < oo, 

3 

2 j+l 

(2) su P 2 j(fc - 1) l A * w *l < c < oo, 

where k is the smallest integer > A K + 1. Then {/Xj} defines an L P (W^ ;T d ) , 
1 < p < oo, multiplier; that is, 

oo 



3=0 



<c\\f\\ W T,pi l<p<oo, 

where c is independent of f and fij . 

5.2. Weight function associated with Z d . In the case G = ZSj, we are dealing 
with the classical weight function on T d , 

d 

(5.6) W^(x) :=Y[\x l \ K ^ 1 / 2 (l-\x\) Kd + 1 ' 1/2 , xeT d . 

i=l 

Under the mapping ()5.2p , this weight function corresponds to Wjf at (|4.5p . Taking 
into the consideration of the boundary, an appropriate distance on T d is defined by 

dr(x,y) = arccos((a;5,y5) + ^1 - \x\y/l - \y\j , x,y(zT d , 
ill 

where x? = (x^ , . . . , x\ ) for a; € T . Evidently, we have ds(x, y) = dT(if>(x),ip(y)), 
Using this distance, one can define the weighted Hardy-Littlewood maximal func- 
tion as 

Mlf{x):= sup r ' y> ~ TTTtTTI x e T ■ 

We have the following analogue of Theorem [ 



Theorem 5.3. Let f G L 1 (W^;T d ). Then for any x G T d , 
(5.7) Ml f{x) < cMlf{x). 
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Proof. Using (|5.3I) . it follows readily from the definitions of f and Mj/ that 
(M J/) otp — Mj?(f o ip). Hence, using the fact that if g is invariant under the sign 
changes, then M^g(xe) = M^g(x) by a simple change of variables, it follows from 
([53)1 and Theorem [4731 that 

(M T J) o rb(x) =M B K (fo 4>)(x) < c M *(f ° 

= c'M*(f o $)[x) = c'(Mj/) o ^(z) 
for x € T d , from which the stated result follows immediately. □ 

Although the proof of this theorem may look like a trivial consequence of the 
definition of M K f, we should mention that the definition of M.^f in [13l p. 86, 
Definition 4.5] is given in terms of the general translation operator of the orthogonal 
expansions with respect to . 

As a consequence of Theorem 15.31 or by (|5.5|) and (|5.3|) , we have the following 
analogues of Corollaries 14. 51 and 14. 61 

Corollary 5.4. If -f < r < k and f e L 1 (W^;T rf ), tten A^ K / satisfies 

11/11 T 

measi. {a; : A^f. /(x) > a} < c Va > 0. 

a 

Furthermore, if 1 < p < oo, -\ < t < pn + £=±1 and f e L P (W^; T d ), then 

\\ M kf\\w?,p ~ c Wf\\w?,p- 

Corollary 5.5. Let 1 < p < oo, — \ < t < pn + 1, and /e< 6e a 

sequence of functions. Then 
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